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Abstract
This paper is concerned with an improved pressure regularity criterion of the
three-dimensional (3D) magnetohydrodynamic (MHD) equations in the largest critical
Besov spaces. Based on the Littlewood-Paley decomposition technique, the weak
solutions are proved to be smooth if the pressure lies in the largest critical Besov
spaces, π (x, t) ∈ Lp(0, T ; B˙0q,r(R3)) for 2p + 3q = 2, 1≤ r ≤ 2q3 , 32 < q≤ ∞.
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1 Introduction andmain results
In this paper, we consider the regularity criterion of the Cauchy problem to the three-




∂tv + v · ∇v – b · ∇b +∇π = γv,
∂tb + v · ∇b – b · ∇v = ηb,
∇ · v = , ∇ · b = ,
(.)
associated with the initial condition
v(x, ) = v, b(x, ) = b. (.)
Here v(x, t), b(x, t), π (x, t) are the unknown velocity ﬁeld, magnetic ﬁeld and pressure
scalar ﬁeld, respectively. γ ≥  is the kinematic viscosity, η ≥  is the magnetic diﬀusivity.
In particular, when γ = η = , (.) reduces to the ideal MHD equations.
Due to its importance inmathematics, there is a large literature on thewell-posedness of
theMHDequations []. Like the classicNavier-Stokes equations, however, the questions of
the global regularity or the ﬁnite time singularity for weak solutions of theMHDequations
are still big open problems. Therefore, many eﬀorts have been made on the regularity
criteria of weak solutions. Caﬂish et al. [] showed that if smooth data for the ideal MHD
equations leads to a singularity at ﬁnite time T∗, then
∫ T∗

(‖∇ × v‖L∞ + ‖∇ × b‖L∞
)
dt =∞. (.)
© 2015Wang and Chen; licensee Springer. This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in
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As stated by [], some numerical simulations and observations of space and laboratory
plasmas alike reveal that the magnetic ﬁeld should have some dissipation. Therefore, it
is possible to verify that the velocity ﬁeld plays a more important role than the magnetic
ﬁeld in the regularity theory of solutions to the MHD equations. He and Xin [] actually
examined this observation. Indeed, they proved the regularity of weak solutions of the
MHD equations (.) if the velocity ﬁeld satisﬁes the Serrin condition in critical Lebesgue
spaces,
u ∈ Lp(,T ;Lq(R)) for p +

q ≤ ,  < q≤ ∞. (.)
The velocity regularity criterion (.) was further improved by many authors [–]. For
example, applying the Fourier localized technique, Chen et al. [, ] recently reﬁned the
regularity criterion in the largest Besov spaces,
u ∈ Lp(,T ;Bsq,∞
(R)) for p +

q =  + s,

 + s < q≤ ∞, – < s≤ . (.)
At the same time, it is important and interesting to investigate the regularity of weak so-
lutions of the MHD equations (.) by imposing some growth conditions on the pressure.
Zhou [] ﬁrst obtained the result that the weak solutions are smooth if both the pressure
π and the magnetic ﬁeld b belong to the Serrin class in the critical Lebesgue spaces




 < p≤ ∞. (.)
Recently, Duan [] removed the restriction on the magnetic ﬁeld b in (.), which im-
plies the magnetic ﬁeld actually has some dissipation. Cao and Wu [] considered the










 < q≤ ∞. (.)








 < q≤ ∞. (.)
It should be mentioned that the spaces in (.) and (.) are subcritical spaces, although
the price to pay is the limit for the gradient of the pressure to ∂π .
Since the MHD equations become the classic Navier-Stokes equations when the mag-
netic ﬁeld b = , one may also refer to some interesting results on pressure regularity cri-
teria of the classic Navier-Stokes equations [–] and related ﬂuid models [, ]. In
particular, Fan et al. [] (see also Zhang et al. [], Chen and Zhang [], and Dong and
Chen []) proved the pressure regularity criterion of the Navier-Stokes equations in the
homogeneous Besov space (see the deﬁnition in the next section)
π ∈ L(,T ; B˙∞,∞
(R)). (.)
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To the best of our knowledge, however, few results have been obtained on the pressure
regularity criterion of the MHD in the largest critical spaces. Motivated by the previous
regularity criteria results on the MHD and Navier-Stokes equations, the main purpose of
this paper is to investigate the pressure regularity criteria of the DMHD equations in the
largest critical Besov spaces without any additional assumption on the magnetic ﬁeld b.
To carry out this aim, we ﬁrst convert the MHD equations (.) into a symmetric form.
For convenience, assume γ = η =  and let w+ = v + b, w– = v – b. Adding and subtracting




∂tw+ +w– · ∇w+ +∇π =w+,
∂tw– +w+ · ∇w– +∇π =w–,
∇ ·w+ = , ∇ ·w– = ,
(.)
associated with the initial condition
w+ = v + b, w– = v – b. (.)
To state our main results, we recall the deﬁnitions of weak solutions of the D MHD
equations (.)-(.) and their equivalent equations (.)-(.).
Deﬁnition . (Sermange and Temam []) Given w+,w– ∈ L(R), a pair (w+,w–) on R ×
(,T) is called a weak solution of the D MHD equations (.)-(.), provided
() (w+,w–) ∈ L∞(,T ;L(R))∩ L(,T ;H(R)), ∀T > ,
() ∇ ·w+ = , ∇ ·w– =  in the sense of distributions,






w+ · ∂tφ –∇w+ · ∇φ +∇φ :
(








w– · ∂tψ –∇w– · ∇ψ +∇ψ :
(
w+ ⊗w–)}dxdt = –(w–,ψ()
)
.
The following should be mentioned again. According to the deﬁnitions of the above
weak solutions, (.)-(.) and (.)-(.) are equivalent. Especially, if (v,b) is a weak so-
lution of (.)-(.), then it is easy to see that (w+,w–) also veriﬁes (.)-(.) in the sense
of distributions.
Now our results read as follows.
Theorem . Suppose (v,b) ∈ L(R) ∩ L(R) and (v(x, t),b(x, t)) is a weak solution of
the MHD equations (.)-(.) on (,T). If the pressure π (x, t) satisﬁes
π (x, t) ∈ Lp(,T ; B˙q,r
(R)) for p +





 < q≤ ∞, (.)
then (v,b) is smooth on (,T].
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Remark . Since Lq ↪→ B˙q,∞, our result obviously covers the previous ones, (.) and
(.). Indeed, the space-time space in (.) on pressure is a degree – homogeneous space
(see Chen and Xin [], Chen and Price []) and the largest critical space with respect to
the previous pressure regularity criteria of the MHD equations.
Remark . The proof of Theorem . is mainly based on the Fourier localized methods
which are employed where the pressure is decomposed into three parts: low frequency,
middle frequency, and high frequency.
Remark . We do not know whether the pressure regularity criteria (.) or (.) can be
improved to the Besov spaces; that is to say, whether our results are still valid when the
critical growth condition (.) is limited to ∂π . Compared with the previous results, the
main diﬃculty lies in the lack of the anisotropic Sobolev inequalities in the framework of
Besov spaces. We will focus on this challenging problem in the future.
2 Preliminary
Throughout this paper, C stands for a generic positive constant which may vary from line
to line. Lp(R) with ≤ p≤ ∞ denotes the usual Lebesgue space of all Lp integral functions





R |f (x)|p dx)/p, ≤ p <∞,
ess supx∈R |f (x)|, p =∞.
We denote by S(R) the Schwartz class of rapidly decreasing functions. Given f ∈ S(R),
its Fourier transformation F or fˆ is deﬁned by




As stated in Remark ., the proof of our result is largely based on the Fourier localized
methods. Therefore, it is necessary to introduce the Littlewood-Paley decomposition the-
ory (see Chemin []). Choose two nonnegative radial functions χ ,ϕ ∈ S(R) supported







= , ξ ∈ R \ {}.




)F f = ϕ(–jD)f .
Formally,j is a frequency projection to the annulus |ξ | ∼ j and one can easily verify that
jkf =  if |j – k| ≥ . (.)
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Let s ∈ R, q, r ∈ [,∞], the homogeneous Besov space B˙sq,r(R) is deﬁned by the full-
dyadic decomposition such as
B˙sq,r








j=–∞ jsq‖jf ‖rLq )

r , ≤ r <∞,
supj∈Z js‖jf ‖Lq , r =∞,
andS ′(R),P(R) are the spaces of all tempered distributions onR and the set of all scalar
polynomials deﬁned on R, respectively.
In order to prove the main result, we give several important lemmas. Firstly, the follow-
ing Bernstein inequalities will be frequently used.








Lq ≤ c jk+j(/p–/q)‖jf ‖Lp (.)
with C being a positive constant independent of f , j.
In order to complete our proofs, we also need the following results on the local smooth
solutions and blow up criterion of the D MHD equations.
Lemma . Suppose (w+,w–) ∈ L(R) ∩ L(R), then there exist a constant T >  and a
unique local strong solution (w+,w–) of (.)-(.) such that
(
w+,w–
) ∈ BC([,T);L(R)). (.)











(T∗ – s)/ . (.)
Proof of Lemma . It should be mentioned that for the D classic Navier-Stokes equa-
tions, the same results have been proved by Giga []. The proof of Lemma . is parallel
to that of [] and thus we omit it for convenience. 
3 A priori estimates onw+,w–
In order to prove the main results, it is necessary to establish a priori estimates for the
smooth solutions of the D MHD equations. More precisely, we will prove the following
theorem.
Theorem . Suppose w+,w– ∈ L(R)∩ L(R) and (w+,w–) is a local smooth solution of
(.)-(.) on (,T). If the pressure satisﬁes the critical growth conditions (.), then we














































Proof of Theorem . We multiply the ﬁrst equation of (.) with |w+|w+ and then, inte-


























w+ · ∇π ∣∣w+∣∣ dx, (.)
where we have used
∫
R
w– · ∇w+∣∣w+∣∣∣∣w+∣∣ dx = 
due to the divergence free of w–.











∣ dx + 
∥
∥∇∣∣w+∣∣∥∥L . (.)
By the Littlewood-Paley decomposition introduced in Section , we decompose the































=: J + J + J. (.)



































































where we have used the fundamental Calderón-Zygmund inequality
‖π‖L ≤ C
∥











due to the integral expression of π
π = (–)–∇ · (w+ · ∇w–).

















































































≤ r ≤ q .






















































































































p = qq –  .
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For J, with the aid of the Bernstein inequality, the Hölder inequality, and the Gagliardo-



















































































































































































































 ≤  ,
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from which one derives the assertion of (.). 
4 Proof of Theorem 1.1
According to a priori estimates of the smooth solution in Theorem ., now we are in a
position to complete the proof of Theorem ., which is more or less standard.
Since (v,b) ∈ L(R)∩L(R), i.e. (w+,w–) ∈ L(R)∩L(R), according to Lemma .,
there exist a T∗ >  and a local strong solution (w+,w–) of theMHD equations (.)-(.)
satisfying (w+,w–) ∈ BC([,T∗);L(R)). At the same time, according to Theorem .,
there also exists a local smooth solution (w+ ,w– ) on (,T) and it satisﬁes
(
w+,w–







Thus it is suﬃcient to show that T∗ ≥ T . Suppose that T∗ < T . Without loss of generality,
we may assume that T∗ is the maximal existence time for the solution (w+,w–). Since the
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pressure satisﬁes (.), it follows from the a priori estimates in Theorem . that the ex-
istence time of the solution (w+,w–) can be extended after t > T∗, which contradicts the
maximality of t = T∗. Thus we proved (w+,w–) is smooth, which implies the solution (v,b)
is also smooth.
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